Abstract. Let B be the Lie algebra with basis
§1. Introduction
Since a class of infinite dimensional simple Lie algebras was introduced by Block [B] , generalizations of Block algebras have been studied by some authors, partially because they are closely related to the Virasoro algebra or algebras associated quantum plane (e.g., [DZ, LW, OZ, SZ, X1, X2, ZM] ).
For an additive subgroup Γ of a field F of characteristic 0, we consider in this paper the Lie algebra B(Γ) of Block type with basis {L α,i , C | α ∈ Γ, i ∈ Z } and relations This particular Block type Lie algebra attracts our attention because it is also a special case of Cartan type S Lie algebras (e.g., [X, SX1] ), or Poisson (or Hamiltonian) algebras (e.g., [X, S6, SX2] ). One of our motivations to study representations of this Lie algebra is to better understand representations of Lie algebras of 4 families of Cartan type. The Lie algebra B(Γ) is Γ-graded (but not finitely graded):
Note that B(Γ) 0 is an infinite dimensional commutative subalgebra of B(Γ) (but it is not a Cartan subalgebra). For a total order " ≻" on Γ compatible with its group structure (in case Γ = Z , we always choose the normal order on Z ), we denote Γ ± = {x ∈ Γ | ±x ≻ 0}.
Then Γ = Γ + ∪ 0 ∪ Γ − , and we have the triangular decomposition
Thus we have the notion of a Verma module M(Λ, ≻) with respect to a function, called a weight, Λ ∈ B(Γ) * 0 (the dual space of B(Γ) 0 ) and the order "≻" (cf. (2.1)). A weight Λ is described by the central charge c = Λ(C) and its labels Λ i = Λ(L 0,i−1 ) for i ∈ Z . For j ∈ Z , we introduce the j-th generating series 
Quasifinite modules are closely studied by some authors, e.g., [KL, KR, KWY, LZ, S3, S4] . Quasifinite irreducible modules over the Lie algebras B ′ (Γ) are proved to be a highest or lowest weight module in [S5] , where
is a subalgebra of B(Γ).
Since each grading space B(Γ) α in (1.2) is infinite-dimensional, the classification of quasifinite modules is a nontrivial problem as pointed in [KL, KR] . Thus the classification of graded modules with infinite dimensional grading spaces is a nontrivial problem as well.
The main results in this paper are the following.
The following statements are equivalent:
(1) V is quasifinite;
(2) V is a proper quotient of the Verma module M(Λ, ≻); (1) With respect to a dense order " ≻" of Γ (cf. (2.8)),
Moreover, in case Λ = 0, the submodule
(2) With respect to a discrete order " ≻" (cf. (2.9)),
Proof of the main result Let Γ be any additive subgroup of F. Denote by U = U(B(Γ)) the universal enveloping algebra of B(Γ). For any Λ ∈ B(Γ) * 0 , let I(Λ, ≻) be the left ideal of U generated by the elements
Then the Verma B(Γ)-module with respect to the order " ≻" is defined as
which has a basis consisting of all vectors of the form
where M 0 = Fv Λ , and M α for α ≺ 0 is spanned by vectors in (2.2) with α 1 +· · ·+α k = −α. So it is a Γ-graded B(Γ)-module with
For any a ∈ Γ, we denote
which is a subalgebra of B(Γ) isomorphic to B(Z ). We also denote
The order " ≻" is called dense if 8) it is discrete if B(a) = ∅ for some a ∈ Γ + . (2.9) Theorem 1.2 is an analog of a result in [WS] (where the Lie algebras B ′ (Γ) were considered instead of B(Γ)). Since the proof is similar to that in [WS] , we omit the detail. Now suppose Γ = Z , and from now on, we shall only consider the Lie algebra
The Lie algebra B has a nice realization in the space
for any i, j ∈ Z , with the bracket Clearly, B + ⊂ A, and P is a subalgebra of B. Theorem 1.1 will follow from the following proposition.
Proposition 2.1 The following conditions are equivalent:
(1) M(Λ) is reducible.
(2) P −1 = {0}.
for some m ∈ N and a j ∈ F, such that
is a quasipolynomial and satisfies the same nontrivial linear differential equation with constant coefficients for all
Proof. We shall follow some arguments in [S1] .
(1) ⇒ (2): Assume M ′ = 0. Similar to the proof in [WS] , we can prove that P is a parabolic subalgebra of B, namely, P ⊃ B 0 + B + = P, and P −1 = P ∩ B −1 = 0.
(2) ⇒ (3): Let f (t) be the monic ploynomial, called the characteristic polynomial of P, with minimal degree such that x −1 f (t) ∈ P (cf. [S1, KL] ). Set a = x −1 f (t). Then
2.14)
we have In particular , and the definition of ∆
Λ (z) is a quasipolynomial by the statement after (1.3).
(4) ⇒ (5): Assume we have (2.15). It suffices to prove P −i has finite codimension in B −i for all i > 0. For this, we only need to prove P −i = 0 for all i > 0 (then we can proceed as in (2.14) to prove P −i has finite codimension).
First from definition (2.12), a ∈ P −1 if and only if b · a · v Λ = 0 for all b ∈ B 1 . Then from (2.15), one has x −1 t j f (t) ∈ P −1 for all j ∈ Z , (2.16) this is because xt k · x −1 t j f (t) · v Λ = 0 for all k ∈ Z , i.e., B 1 · x −1 t j f (t) · v Λ = 0. In particular, from (2.16), one has P −1 = 0. Assume that P −i = 0 and 0 = x −i g(t) ∈ P −i .
Then
for all j ∈ Z . In particular, P −i−1 = 0.
(5) ⇒ (1): It follows from (2.4).
